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ABSTRACT 
A cone C in R4 is constructed, and an extreme matrix A of the cone of positive 
operators on C is exhibited which has the property that A does not map the set of 
extreme vectors of C into itself. This is a counterexample to a conjecture of R. Loewy 
and H. Schneider. 
The purpose of this note is to present a counterexample to a conjecture of 
R. Loewy and H. Schneider which appears in‘[l]. The reader is referred to 
their paper for definitions. They conjecture the following: if C is a cone in R” 
and A is an extreme matrix of the cone of positive operators on C, denoted 
r(C), then A maps the set of extreme vectors of C into itself. We construct 
here a cone C in R4 and a nonsingular positive operator A on C such that A 
is an extreme matrix of r(C), but A does not map the set of extreme vectors 
of C into itself. 
To begin, let K be the convex subset of R4 defined by K = convexhull 
[{(x,y,x,1):06 x< 1, y2+z2< l}t~ {(- l,O,O,l)}]. Let C be the cone 
generated by K in R4; that is, C={X(x,y,z,l):O<XER, (x,y,.z,l)EK}. 
Define an affine map a of C into itself by a[h(x, y,z, 1)] =h((l - x)/2, y,z, l), 
0 f X E R, (x, y,z, 1) E K. Notice that a maps K into K. Figure 1 depicts K 
and the range of a restricted to K. 
Now a extends to a linear operator A on R4 whose matrix form in the 
standard basis for R4 is given by 
; 0 0 i 
0 1 0 0 
0 0 1 0 
0 0 0 1 
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FIG. 2. 
Obviously A is nonsingular, and since A maps C into itself, A is a positive 
operator on C. Moreover, the extreme vector (- l,O,O, 1) of C is mapped to 
the vector (l,O,O, l), which is not extreme in C. It only remains to show that 
A is an extreme matrix of T(C). 
So suppose that A = & S + 4 T, where S and T belong to l?(C). Define 
D={(1,y,z,1):y2+.z2<1}~K, andE={(0,y,z,1):y2+z2<1}~K. NowA 
maps D onto E, and since the extreme points of E are extreme in K, S must 
map the cone with base D onto the cone with base E. By identifying the 
points of D and E in the obvious way-that is, (1, y,z, I)++(O, y,z, l)-it 
follows from Theorem 4.5 in [l] that for some (Y > 0, S ID = LYA],. To see that 
Sl,= CUA 1 E also, consider a cross-section L along the x-axis of K as in Fig. 2. 
Let tu and x denote the points of L which lie on the circumference of D, and 
let y and .z denote the points of L which lie on the circumference of E. Both 
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the line segment joining w to y and the line segment joining x to z are 
extremal subsets of K, and since A maps L into L, the cone with base L is 
mapped by S into itself. Moreover, S 1 D = aA 1 D implies that S (w) = d (w) 
and S (x) = ~4 (x), Since a linear operator takes parallelograms to paral- 
lelograms, it follows that S ( y) and S (z), and hence S (- l,O, 0, l), must also 
belong to aL, as indicated in Fig. 2. In fact since D is an extremal subset of 
K and A ( - 1, O,O, 1) belongs to D, S ( - 1, O,O, 1) must actually belong to CID. 
The linearity of S then implies that S ( - l,O,O, 1) = LXA (- l,O,O, l), S ( y) 
=c~A(y), and S(z)=oLq(z). Thus SI,=(rAI,, and so by linearity S=aul 
Hence A is an extreme matrix of I(C). 
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